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Abstract 

We study deformed supersymmetry in = 2 supersymmetric U{N) gauge the- 
ory in non(anti)commutative N = 1 superspace. Using the component formahsm, 
we construct deformed N = (1,1/2) supersymmetry explicitly. Based on the de- 
formed supersymmetry, we discuss the C-dependence of the correlators. We also 
study the C-deformation of the instanton equation for the gauge group {7(2). 



Supersymmetric field theories in non(anti)commutative superspace ^ |2I has been 
attracted much interests from the viewpoint of effective field theories on D-branes in 
the graviphoton background 13 IH IHj- Superstrings in this background provide some 
interesting low-energy physics in TV = 2 supersymmetric field theories ^ and their Af = 1 
deformations . It would be important to study M = 2 supersymmetric gauge theories 
in non(anti)commutative superspace in order to understand graviphoton effects in the 
low-energy effective theories from the microscopic point of view. 

It is convenient to use M = 2 extended non(anti)commutative superspace for studying 
non(anti)commutative gauge theories where supersymmetry is manifestly realized jHl El 
inn ITU 1121 HSl EI- In previous papers jTU [T31 Hn], Af = 2 supersymmetric U{\) gauge 
theory in non(anti)commutative M = 2 harmonic superspace has been studied. We have 
computed the deformed Lagrangian up to the first order in the deformation parameter 
C of the superspace and examined their deformed symmetries. It is, however, difficult to 
calculate higher order C-corrections and extend the U{1) gauge group to U{N). 

There exist two cases such that the deformed Lagrangian of Af = 2 supersymmetric 
U (N) gauge theory becomes simple. One is the case of the singlet deformation where the 
deformation parameter belongs to the singlet representation of the i?-symmetry group 
SU{2) jni CHI HZl Cni EI • The other is the case that one introduces only deformation into 
Af = I subsuperspace of A/" = 2 superspace. In a recent paper [12] , it is shown that the 
0{C) Lagrangian of the U{1) theory defined in non(anti)commutative Af = 2 harmonic 
superspace leads to the theory in the non(anti)commutative Af = 1 superspace |2] by 
the reduction of deformation parameters and some field redefinitions. It is also shown 
that the theory has Af = (1, 1/2) supersymmetry consistent with the Poisson structure 
of the theory. Here Af = (1, 1/2) means that there are two chiral and one antichiral 
supercharges, as in [TUl . 

In this paper, we will study Af = 2 supersymmetric U{N) gauge theory in the de- 
formed Af = 1 superspace, whose Lagrangian has been constructed in ^H]- We will 
construct deformed Af = (1,1/2) supersymmetry explicitly. Based on this symmetry, we 
will study the C-deformed correlators of the observables. We will also examine the the 
C-deformed instanton equations for the gauge group U{2). The instanton solutions in 
non(anti)commutative Af = I gauge theory have been investigated in [THll2n]- In the case 
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of the gauge group U{2)\T^, it has been found that the SU{2) part of the instanton equa- 
tions is not deformed and the U{1) part is deformed only. In the non(anti)commutative 
A/" = 2 f/(2) theory, we will show that the SU(2) part of the instanton equations is not 
deformed except for one of the fermions. 

Let (x*", 9°', 9°") (m = 0, . . . , 3, a,a = 1,2) be supercoordinates of A/" = 1 superspace 
and cr^ and a™-"" Dirac matrices. We will study Euclidean spacetime so that chiral and 
antichiral fermions transform independently under the Lorentz transformations. Qa = 
S^-'^^acfi'^^m and Q° = - J- + i6'„a'"""9m are supercharges. = S^ + if^aaO'^^m and 
Da = —-^ —i9a(y'^°'°'dm are the supercovariant derivatives, a"^^ = |(cr''"(T" — cr"(T™), and 
^mn _ ij^^m^n _ ^n^m^ ^^^^ ^^^q Lorcutz generators. Here we will follow the conventions 
of Wess and Bagger [21] . 

The non(anti)commutativity in A/" = 1 superspace is introduced by the ^-product: 

/ * g{x, 9, 9) = fix, 9, 9) exp (^-l^^C"/^^^) ^(x, 9, 9). (1) 

Using this *-product, the anticommutation relations for 9 become 

{r,^'^}^ = (2) 

while the chiral coordinates = + i9(7"^9 and 9 are still commuting and anticom- 
muting coordinates, respectively. 

Af = 2 supersymmetric U (N) gauge theory in this deformed superspace was formulated 
in ^H]- It can be constructed by vector superfields V, chiral superfields $ and an anti- 
chiral superfields $, where $ and $ belong to the adjoint representation of U{N). We 
introduce the basis t*^ (a = 1, ■ ■ ■ , A^^) of Lie algebra of U{N), normalized as trlf^t^) = 
M""^. The Lagrangian is 

C = ^J d^9d^9 tr($ * * $ * e"^) + ^^^^ (/ *Wa + J d^W^ * VV^^ (3) 

where g denotes the coupling constant. Wa = —\D^e~^ DaC^ and Wa = \D'^e~^ DaC^ 
are the chiral and antichiral field strengths. Note that multiplication of superfields are 
defined by the *-product. 

This Lagrangian is invariant under the gauge transformations $ e^*^ * $ * e*^, $ 
e~*^*$*e*^ and — >■ e~*^*e^*e*^. To write down the Lagrangian in terms of component 
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fields, it is convenient to take the Wess-Zumino(WZ) gauge as in the commutative case. 
Since the *-product deforms the gauge transformation, it is necessary to redefine the 
component fields such that these transform canonically under the gauge transformation (21 
ITHj . For Af = 2 U{N) theory, these superfields in the WZ gauge are 

^y,e) = Aiy) + V29^{y) + 99F{y), 

= Aiy) + V2my) + 99(^F + iC'^^d^{v^,A}-^C"'^[vrn,{vn,^ 

V{y,9,9) = -9a>^9v^iy) + t999Xy)-tm''^K + ^e^pC^^{{a'^\).,,v^^^ 



+-9999{D -id''v^){y). (4) 



Here y"^ = x"^ — i9a^9 are the antichiral coordinates and C*™'" = C""^ e i3^{a^^) ■ Since 
^mn self-dual, C""*^ is also self-dual. Substituting (jH) into the Lagrangian (jH)), we 
obtain the deformed Lagrangian written in terms of component fields. In this expression, 
however, normalizations of two fermions ip and A are different. In order to see symmetries 
between two fermions manifestly, it is useful to rescale V to 2gV and C"^ to -^C°'^ . Then 
the Lagrangian takes the form C = Cq + Ci. Here Cq is the undeformed Lagrangian with 
the topological term: 

K ^ 4 4 2 

-{D"'A)DrnA - ttPa^Dmi^ + FF- iV2g[A, ^P]X - tV2g[A, i>]X~ ^[A, Af) , (5) 

where Fmn = d^Vn - dnVm + ig[Vm, Vn], Fran = \(-mn'pqF^'^ and Z^^A = + ig[Vm, A] CtC. 

We have also introduced an auxiliary field D defined hj D = D + g[A, A] in order to see 
undeformed Af = 2 supersymmetry in a symmetric way. Ci is the C-dependent part of 
the Lagrangian: 

A = itr(^-^C"^"F^„AA + i|C|2(AA)2 

- ^C^^{D^A, (a™A) - ^\C\'[A,X][X, F]^ . (6) 

Here jCp = C'^^'Cmn- 

In the case of C = 0, the action is invariant under M = 2 supersymmetry transforma- 
tions, where only M = 1 supersymmetry generated by Qa and are manifestly realized 
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in A/" = 1 superspace. Other M = 1 supersymmetry would be realized manifestly when we 
use J\f = 2 extended superspace. In particular Af = 2 harmonic superspace [221 provides 
very efficient tools to study off-shell M = 2 supersymmetric field theories. The most 
general non ( ant i) commutative deformations are studied by using extended superspace. 
We expect that this deformed theory is derived from the non(anti)commutative M = 2 
harmonic superspace by the reduction of deformation parameters, which will be discussed 
in a separate paper. 

In previous papers[TTl UHl HEI, we have studied Af = 2 supersymmetric U{1) gauge 
theory and their deformed supersymmetry structure in the component formalism. In 
particular, for generic deformation, Af = (1,0) deformed supersymmetry has been con- 
structed up to the ffist order of the deformation parameters. When the deformation 
parameters are reduced such that only Af = 1 subspace becomes non(anti)commutative, 
the deformed supersymmetry is enhanced to A/" = (1, 1/2) supersymmetry. This is because 
supersymmetries other than is consistent with the Poisson structure of the deformed 
superspace [lOj. In this reduced case, it is shown that the 0{C) Lagrangian defined in 
the Af = 2 harmonic superspace is equal to that of the deformed Af = 1 superspace by 
the field redefinitions. 

We now study the U{N) case. The undeformed superfield action is invariant under 
A/ = 1 supersymmetry generated by ^Q + ^Q. Since this transformation does not preserve 
the WZ gauge, we need to do gauge transformation to retain the WZ gauge. Then the 
(undeformed) supersymmetry transformations 6^ and 5| of the component fields in the 
WZ gauge are 




Six = 0, 



6lD 
6lA 



-^a^D^X + V2g[^^,A], 
V2^i>, 5°^ = V2^F, 6lF : 
0, = V2ia"'^DmA, 5° 



= 0, 

F = i V2^a"D„V^ - 2gi^[A, A] 



(7) 




0, (5|A 



■z^D + zg^[A,A] + a^^^F, 
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5lD = ^a^DnX + V2g[A,^ij], 

6lA = 0, = v^ia'^'^DmA, 5|F = y^i^a'^a^tp + 2gi^[X, A], 

6lA = V2^iIj, 6lip = V2^F, = 0. (8) 

The remaining Af = 1 supersymmetry denoted by 5° and 6^ can be obtained from ((Tj) by 
using the i?-symmetry: ^ ^ 1], A ^ —tp, ip ^ X, D ^ —D, F ^ F. 

Now we will construct the deformed A/" = (1,1/2) supersymmetry which keeps the 
U{N) Lagrangian C invariant up to the total derivatives. The term Ci is not invariant 
under the undeformed supersymmetry transformations 6^, 6^ and 6^. Since the deformed 
term Ci is a polynomial in C, we denote {n > 1) by its n-th order term in C. The 
deformed supersymmetry transformations can be expanded in the form 6 = 6^ + 6^ + ■ ■ ■. 
Here 5" is the n-th order term in C. 6^ is determined recursively by solving the conditions 
6^Co + S^C^^'^ = and 6^Co + S^C^l'^ + 6^C^^^ = and so on. 

The deformed transformation 6^, which was calculated in ^H], takes the form 6^ = 
5° + and is given by 

6^X^ = t^^D-tgUAAj + ia^'^Oal^F^n + lc^nXXy 6fX = 0, 

6^b = -^a"'D^X + V2g[iij,Al 

5^A = ^ii), 5(.i) = V2iF, 6i:F = 0, 

6^A = 0, 

5^i^ = V2ta'^^D^A, 

6^F = tV2^a^D^^ -2gt[A,^X] + C'^"D^{A,^a^X} . (9) 

Note that the transformation of $ is undeformed. The deformed transformation 5^, which 
relate the gauge field Vm to chiral fermion ip, can be calculated in a similar way. But as in 
the analysis of U{1) case, it is necessary to calculate up to the order O(C^). The result is 

{£), A) - ^C^^a-^vh {Fmn, A} - {A, [A, A]} 

5 



V2 



^ det C ({AA, A} + 2\^A\^) r]" 



5r,X = V2ia"'r]DrrA, 

S,D = -r/a"^Z}„^-v^(?[r7A,A]-^^C'-%D^{A(a"A)„}-z(7C'-%^ 
Sr^A = V2r]X + iC''^r]p{ij^,A}, 

5,r = iv'^D + tgv'^lA, A] - £"^(a-"r/)^F„„ - iC''% {(AA) - {A, f}} 
S^F = iV2r]a'^DmX + 2gi[A,7]i;], 
0, 



SrjA 



6„i>, 



= C'^%aZ{A,D^A} 

5r,F = V^(?C"V{A,[A,A, 



V2i 



detC 3 {a, {r/a™A,D„/l}} 
+2D,r,AAr]a"'X + 2r]a'^XADmA + 2 [A, {r/a'^D^A, A}} 



(10) 



Here we have used the formula det (7 = |Cp/4. Note that there is an ambiguity to 
determine the 5^ transformation as noticed in the U{1) case JHl- In fact, for arbitrary 
functions fi{A) and f2{A) of A, the transformation 

5,A" = rfiF + Fht. 

6r,F = t{7]a^D,,X)f\+tf2{v(T''D^X)+t^/2g[A,r]^]j\ + V2tf2[A,7]^] (11) 

leaves the action invariant. In formulas (fTIH) . we have chosen /i and /2 such that we 
recover the U{1) result. This ambiguity would be fixed if we use non(anti)commutative 
M = 2 harmonic superspace, which will not be discussed in this paper. 
The deformed transformation 5fi is found to be 



5»?A" 

6f^A 
hA 



V2ie''^{a'^ff)pD^A + iC"^ {r/A, i^p] , (5^A = V2f]F, 

r]cx"'a^^-V2g[A,r]X], 

0, 6rj^ = 0, 6fjF = 0, 

V2f]X, 

-inD-ign[A,A]-a^^nFmn. 
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det C {sjr^A, AA} + f]\AF + Af]\F - 2r]XFA + 2A^(r7A)A"} . (12) 

Note that if we set = 1, the cubic terms in A and the commutators vanish. We then 
recover the U{1) results obtained in [TT)] . 

We discuss some general properties obtained from the deformed supersymmetry. Firstly 
we examine the C-dependence of the correlation functions. Let us deform Cmn ~^ 
Cmn + ^Cmn with keeping the self-dual condition. The variation of the Lagrangian is 

5C = ^tr5C"^"{-^F^„AA + ^C„„(AA)2 + ^F^„{AF} 
V2 



• [ amn)-t^ [DpA, ((T*'A)a} 1p(3 



_ _a7 

4 ^ 



-\Cmn{y\){F, A] - -CmnAX^FX^]. (13) 



4 

Writing 5^ = i°'Qa^ the action to the component fields are 



[Q^K] = -z5f^ + «(7(5f[A,A] + (a"^-)/(^F^„ + -C^„(AA)^ 
[Q^i^a] = -V25^^F, 

[Q^i^^] = -^v^D^Ae^V^^. (14) 
Then we find that 5C is Q-exact, 5C = {Q°',Aa}, where 

A„ = tr5C'""{^(a^0/A^ (AA - {A,f}) - ^(a„Oa^(V'A + AV>)^^ 

~^{^C^n{^a,A}{XX) + ^CmnXaAX"^^}}. (15) 

In the case of non(anti)commutative A/" = 1 super Yang-Mills theorv[T^. 6C is shown 
to be Q-exact, which means that the correlator {Oi ■ ■ ■ On) for Q-invariant operators Oi 
is C-independent. The antichiral gluino condensates (trAA), in particular, does not have 
C-correction. In the M = 2 case, the correlator {Oi ■ ■ ■ On) is also C-independent if the 
vacuum is Q-invariant: Q\Q) = {0\Q = ^H]- For example, the antichiral scalar field A is a 
Q-invariant operator. Therefore, the vacuum expectation value {tiA"^) is C-independent. 
In the low-energy effective theory, this can be expressed in terms of anti-holomorphic 
prepotential ^(a) [23] such as 

{tTA')r^Y.^,%^-2^{-a), (16) 



where Oj is the vacuum expectation value of the low-energy U (1)^ Higgs fields. Since jF(a) 
is expanded in the QCD scale parameter, implies that the instanton corrections to the 
anti-holomorphic prepotential are not C-deformed. On the other hand, the holomorphic 
prepotential would have C-corrections. 

We next study the (constrained) instanton equations of the deformed M = 2 super- 
symmetric U{N) gauge theory. Since the deformed part of the gauge field in the action 
is the same as that of the A/" = 1 theory!^, the deformed instanton equation for the 
gauge field is = in the self-dual case and + |Cm,nAA = in the anti-self-dual 
casejini 1201 • Here = |(Fmn ± Fmn)- The other fields must satisfy the equation of 
motion in the instanton background. 

We begin with considering the case where the vacuum expectation values of A and A 
are zero. In this case we expect that the solutions are exact. From the Lagrangian Q, 
we obtain the equations of motion 

D^F-" - g{\, a^\} - g{^, a^^} - ig[A, D^A] + tg[D^A, A] 
+iD^{C'^^XX) + -!=^[A,C"^[(a"A)„,7/;^]] = 0, 

a^'DmX + V2g[A, ^] + C"^"(F^„ + ^C^„AA) A = 0, 
a^DmX + V2g[A, ^] = 0, - V2g[A, A] = 0, 

{Dm^a^T + ^9[A^ A-] + {a^\)p} = 0, 

D^A-iV2g{ij,X} - g''[[A,AlA] + ^C'^^D^[{a'^\Uijp]=Q, 
D^A-iV2g{i,,\}-g%A,AlA]=Q, (17) 



where the auxiliary fields F, F and D have been eliminated. In the anti-self-dual back- 
ground, if we set = A = 0, the equation of motion for A becomes D^A—g^ [A, A\, A = 0, 
from which A = is an exact solution as in the undeformed case. From A = and absence 
of chiral zero-modes in the anti-self-dual background, = A = is shown to be also an 
exact solution of the equations of motion for and A. By a similar argument, A = = 
and A = are an exact solution of the equation of motion in the self-dual background. 
Then the first equation of (fT7|) is satisfied. In this paper we discuss the case of the gauge 
group U{2) since the structure of the equations of motion (fTTj) becomes simple as in 
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[inilin]- We decompose U{2) into the SU{2) and the U{1) parts: Vm = vsu(2),m + vu(i),m 
where 

vsu{2),m = v^t", (a = 1,2,3), vu{i),m = v^J'^, (18) 

and t°- = t"' and = 1. are the Pauh matrices. Other fields can be decomposed 
similarly. The equations of motion of Xu{i)i i'uii) and become 

cr'^d^Xun) = a'^d^^uii) = O^Md = 0' (19) 

Since eqs. fjl9p do not have any localized solution in four-dimensional Euclidean space, 
we have 

Ac/(i) = ipu{i) = 0, Au^i) = const. (20) 
Using (pUj) . one finds that only the equation of motion of \su(2) is deformed: 

0"™-DmA5C/(2) + V2g[AsU{2), V'SC/(2)] + -C''^"'[Fsu{2),mn, AsC/(2)] = 0, (21) 

while the equations of motion of the other SU (2) fields are not deformed. Therefore we 
find that the instanton equations for the SU (2) gauge field are not deformed. In the case 
where the vacuum expectation values of A and A are zero, we obtain the exact self-dual 
solution 

Asu(2) = A^°\ Xsu{2) = i'su{2) = Asu{2) = 0, (22) 

which is not deformed by C. Here A'-"^ and i})^^^ are the zero-modes in the self-dual 
instanton background. A^'^'> satisfies the equation D'^A^^^ — i\/2{il)^^\X'^'^'>} = 0. Since 
Asc/(2) = 0, the C-dependent term in eq. (0T|) vanishes and Xsu{2) is the same as the 
solution of the undeformed theory. The anti-self-dual solution for the SU (2) part becomes 

Asu{2) = A^^\ Xsu(2) = i'su(2) = Asu{2) = 0, (23) 

which are not also C-deformed.^ Here A*^°^ and ip'^'^'' are the zero-modes in the anti-self-dual 

instanton background. A^o) fulfills D'^A^^'^ - i^/2{^l)^^\X^^^ = 0. Since Vsui2),m = g'^v^^^ 

^In the case of singlet deformation, it is shown in TS' that the anti-self-dual solution is not deformed 
byC. 
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is anti-self-dual, we get C"^"'Fsu{2),mn = 0. Therefore we find that (PT|) has the solution 
Xsu{2) = 0. From eq. (1201), the equations of motion of other U{1) fields become 

a™ + ^C^nA^A'^) = 0, (24) 

a"9„A^ + C"""F^„r = 0, (25) 

(d^ij^a"")" + iV2C''f^dm (iVA")^ = 0, (26) 

d^A^ + v^C'^dm {(a™A'^)„^^} = 0. (27) 

Eqs. (j24|l - (|27jl are regarded as the free field equations with the source made of the SU (2) 
fields. The solution of in the Lorentz gauge is obtained in [20 as = iCmnd^^ , 
where \1/ obeys d^'^ = A'' A". In the self-dual background (j221), eqs. (j211)-(j2Z|) have only 
trivial solutions = = ip'^ = 0, = const, since A'^ = 0. As a consequence, the 
self-dual instanton equation = is satisfied. In the anti-self-dual background (j^ . 

satisfies the deformed anti-self-dual instanton equation F^^ + |CmnA"A" = 0. Eqs. 
(P^ and (EZD have trivial solutions A^ = 0, A^ = const, due to C'^'^F^^ = = 0. On 
the other hand, from eq. (j^ . depends on C . 

We next consider the case where the vacuum expectation values of A and A are 
nonzero, which corresponds to the constrained instanton solutions (see for a review). 
When the SU{2) instantons are self-dual, we expand the fields in the coupling constant 
9- 

VsU(2),m = 9'^V^^^ + 9V^n:} + " " " . ^5C/{2),mn = 9~^ F^nll + ^^in + " " " . 

Xsui2) = 9-'^'X^'^+9'^'X^'^ + ---, W) = + //^AW + ■ ■ • , 

i^sui2) = + ^) + ■ ■ ■ , ^5^/(2) = + + ■■■ , 



Asui2) = + ^5^(2) = + + ■ ■ ■ , (28) 

where is self-dual = ^mn- We are interested in the leading terms of the SU{2) 
fields. The equations of motion of the fields are 

a^D^X^'^ + AW] = 0, (29) 

a"^D„A(°) + V2[A(o), V^(o)] = 0, = 0, D^A^^^ = 0, (30) 

^-^^^(0) _ ^[^(0)^ ^(0)] ^ 0, D^^W - ^y2{7/>W, A(°)} = 0. (31) 
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Only the eq. (j^^ is deformed by C. For example, the C-deformed supersymmetric 
zero-mode can be obtained from the supersymmetry transformation (|1U|) as 

A(°)'" = -v^z(A^(i)Cr^)^(a"^")/FW. (32) 

We note that and are also deformed since eqs. dSD) contain A^") as a source. 

In the case of ant i- self- dual background Fj^l = — -PXi; ^f-expansion of the SU{2) 
fields becomes 

VsU{2),m = 9~^vl^^ + gvl^^ + ■ ■ ■ , Fsu{2),mn = 9^^ F^l + QF^I + " " " , 

^sum = ^7^/^A(°) + //^A« + ■ ■ ■ , A,^(,) = ^-V2A(°) + ^^/^A« + ■ ■ ■ , 

Asui2) = + = + . (33) 

The leading terms of the equations of motion are 

a^D^A^") + v^fA^"), + ^C"""[fW, A(°)] = 0, (34) 
a-D„A(°) = 0, (T™An^^°^ - y2[AW, AW] = 0, (35) 
= 0, = 0, Z}2^(°) - iV2{ij^'\ A(°)} = 0. (36) 

Eqs. and ()3(i|l can be solved as in the undeformed theory. But the C-deformed source 
m 

A(o) 

comes from the order g contributions of the gauge fields. At the leading order in 
g, the SU{2) anti-self-dual solutions are not modified by the deformation parameter C. 
This is consistent with the result obtained from the Q-exactness of the C-variation of the 
action. In the U{1) part, the equations of motions (P^ - ljTTj) would have C-dependent 
solutions. A detailed analysis of a instanton calculus will be discussed in a separate paper. 
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